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Abstract
In this paper, equilibrium problems and ﬁxed-point problems based on an iterative
method are investigated. It is proved that the sequence generated in the purposed
iterative process weakly converges to a common element of the ﬁxed-point set of an
asymptotically strict pseudocontraction in the intermediate sense and the solution
set of a system of equilibrium problems in the framework of real Hilbert spaces.
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1 Introduction
Approximating solutions of nonlinear operator equations based on iterative methods is
now a hot topic of intensive research eﬀorts. Indeed, many well-known problems can be
studied by using algorithmswhich are iterative in their nature. As an example, in computer
tomography with limited data, each piece of information implies the existence of a convex
set Cm in which the required solution lies. The problem of ﬁnding a point in the intersec-
tion
⋂N
m=Cm, where N ≥  is some positive integer is of crucial interest, and it cannot be
usually solved directly. Therefore, an iterative algorithmmust be used to approximate such
point. The well-known convex feasibility problem which captures applications in various
disciplines such as image restoration, and radiation therapy treatment planning is to ﬁnd
a point in the intersection of common ﬁxed-point sets of a family of nonlinear mappings
(see [–]). There many classic algorithms, for example, the Picard iterative algorithm,
the Mann iterative algorithm, the Ishikawa iterative algorithm, steepest descent iterative
algorithms, hybrid projection algorithms, and so on. In this paper, we shall investigate
ﬁxed-point and equilibrium problems based on a Mann-like iterative algorithm.
The organization of this paper is as follows. In Section , we provide some necessary
preliminaries. In Section , equilibrium problems and ﬁxed-point problems of asymptot-
ically strict pseudocontractions in the intermediate sense are discussed based on a Mann
iterative algorithm. Weak convergence theorems are established in Hilbert spaces. And
some deduced results are also obtained.
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2 Preliminaries
Throughout this paper, we always assume that H is a real Hilbert space with an inner
product 〈·, ·〉 and norm ‖ · ‖. Let C be a nonempty, closed, and convex subset ofH and F a
bifunction of C × C into R, where R stands for the set of real numbers. In this paper, we
consider the following equilibrium problem.
Find x ∈ C such that F(x, y)≥ , ∀y ∈ C. (.)
The set of such an x ∈ C is denoted by EP(F), i.e.,
EP(F) =
{
x ∈ C : F(x, y)≥ ,∀y ∈ C}.
Given a mapping A : C → H , let F(x, y) = 〈Ax, y – x〉 for all x, y ∈ C. Then z ∈ EP(F) if and
only if
〈Az, y – z〉 ≥ , ∀y ∈ C,
that is, z is a solution of the classical variational inequality. In this paper, we useVI(C,A) to
stand for the set of solutions of the variational inequality. Numerous problems in physics,
optimization, and economics reduce to ﬁnd a solution of the equilibrium problem (.).
To study the equilibrium problem (.), we may assume that F satisﬁes the following
conditions:
(A) F(x,x) =  for all x ∈ C;
(A) F is monotone, i.e., F(x, y) + F(y,x)≤  for all x, y ∈ C;





tz + ( – t)x, y
)≤ F(x, y);
(A) for each x ∈ C, y → F(x, y) is convex and lower semicontinuous.
Let S : C → C be a mapping. In this paper, we use F(S) to denote the ﬁxed-point set of S.
Recall the following deﬁnitions.
S is said to be nonexpansive if
‖Sx – Sy‖ ≤ ‖x – y‖, ∀x, y ∈ C.
If C is a bounded, closed, and convex subset of H , then F(S) is nonempty, closed, and
convex. Recently, many beautiful convergence theorems for ﬁxed points of nonexpansive
mappings (semigroups) have been established in Banach spaces (see [–] and the refer-
ences therein).
S is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [,∞) with
kn →  as n→ ∞ such that
∥∥Snx – Sny∥∥≤ kn‖x – y‖, ∀x, y ∈ C,n≥ .
It is known that if C is a nonempty, bounded, and closed convex subset of a Hilbert space
H , then every asymptotically nonexpansive self-mapping has a ﬁxed point. Further, the set
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F(S) of ﬁxed points of S is closed and convex. Since , a host of authors have studied the
weak and strong convergence problems of iterative processes for such a class of mappings.
S is said to be asymptotically nonexpansive in the intermediate sense if it is continuous











(∥∥Snx – Sny∥∥ – ‖x – y‖)}, (.)
we see that ξn →  as n→ ∞. Then (.) is reduced to the following:
∥∥Snx – Sny∥∥≤ ‖x – y‖ + ξn, ∀x, y ∈ C.
The class of asymptotically nonexpansive mappings in the intermediate sense was consid-
ered in [] and [] as a generalization of the class of asymptotically nonexpansive map-
pings. It is known that if C is a nonempty, closed, and convex bounded subset of a real
Hilbert space, then every asymptotically nonexpansive self-mapping in the intermediate
sense has a ﬁxed point.
S is said to be strictly pseudocontractive if there exists a constant κ ∈ [, ) such that
‖Sx – Sy‖ ≤ ‖x – y‖ + κ∥∥(I – S)x – (I – S)y∥∥, ∀x, y ∈ C.
For such a case, S is also said to be a κ-strict pseudocontraction. It is clear that every
nonexpansive mapping is a -strict pseudocontraction. We also remark that if κ = , then
S is said to be pseudocontractive.
S is said to be an asymptotically strict pseudocontraction if there exist a sequence {kn} ⊂
[,∞) with kn →  as n→ ∞ and a constant κ ∈ [, ) such that
∥∥Snx – Sny∥∥ ≤ kn‖x – y‖ + κ∥∥(I – Sn)x – (I – Sn)y∥∥, ∀x, y ∈ C,n≥ .
For such a case, S is also said to be an asymptotically κ-strict pseudocontraction. It is
clear that every asymptotically nonexpansive mapping is an asymptotically -strict pseu-
docontraction. We also remark here that if κ = , then S is said to be an asymptotically
pseudocontractive mapping which was introduced by Schu [] in .
S is said to be an asymptotically strict pseudocontraction in the intermediate sense if






(∥∥Snx – Sny∥∥ – kn‖x – y‖ – κ∥∥(I – Sn)x – (I – Sn)y∥∥)≤ . (.)






(∥∥Snx – Sny∥∥ – kn‖x – y‖ – κ∥∥(I – Sn)x – (I – Sn)y∥∥)
}
, (.)
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then we see that ξn →  as n→ ∞. We know that (.) is reduced to the following:
∥∥Snx – Sny∥∥ ≤ kn‖x – y‖ + κ∥∥(I – Sn)x – (I – Sn)y∥∥ + ξn, ∀x, y ∈ C,n≥ .
The class of asymptotically strict pseudocontractions in the intermediate sense was intro-
duced by Sahu, Xu, and Yao [] as a generalization of the class of asymptotically strict
pseudocontractions; see [] for more details.
Recently, many authors considered the weak convergence of iterative sequences for the
classical variational inequality, the equilibrium problem (.), and ﬁxed-point problems
based on iterative methods (see [–]).
In , Takahashi and Toyoda [] considered the classical variational inequality and
a nonexpansive mapping. To be more precise, they proved the following theorem.
Theorem  Let C be a closed convex subset of a real Hilbert space H. Let A be an α-inverse
strongly-monotone mapping of C into H, and let S be a nonexpansive mapping of C into
itself such that F(S)∩VI(C,A) = ∅. Let {xn} be a sequence generated by
x ∈ C, xn+ = αnxn + ( – αn)SPC(xn – λnAxn), ∀n≥ ,
for every n≥ , where λn ∈ [a,b] for some a,b ∈ (, α) and αn ∈ [c,d] for some c,d ∈ (, ).
Then {xn} converges weakly to z ∈ F(S)∩VI(C,A), where z = limn→∞ PF(S)∩VI(C,A)xn.
In , Tada and Takahashi [] considered the equilibrium problem (.) and a non-
expansive mapping. To be more precise, they proved the following result.
Theorem  Let C be a nonempty, closed, and convex subset of H. Let F be a bifunction
from C × C to R satisfying (A)-(A) and let S be a nonexpansive mapping of C into H,
such that F(S)∩ EP(F) = ∅. Let {xn} and {un} be sequences generated by x = x ∈H and let
⎧⎨
⎩
un ∈ C such that F(un,u) + rn 〈u – un,un – xn〉 ≥ , ∀u ∈ C,
xn+ = αnxn + ( – αn)Sun,
for each n ≥ , where {αn} ⊂ [a,b] for some a,b ∈ (, ) and {rn} ⊂ (,∞) satisﬁes
lim infn→∞ rn > . Then {xn} converges weakly to w ∈ F(S) ∩ EP(F), where w =
limn→∞ PF(S)∩EP(F)xn.
In this paper, motivated by the results announced in [] and [], we consider the equi-
librium problem (.) and an asymptotically strict pseudocontraction in the intermediate
sense based on aMann-like iterative process. We show that the sequence generated in the
purposed iterative process converges weakly to a common element of the ﬁxed-point set
of an asymptotically strict pseudocontraction in the intermediate sense and the solution
set of the equilibrium problem (.). The results presented in this paper improve and ex-
tend the corresponding results announced by Takahashi and Toyoda [], and Tada and
Takahashi [].
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In order to prove our main results, we also need the following lemmas.
The following lemma can be found in [] and [].
Lemma . Let C be a nonempty, closed, and convex subset of H, and let F : C × C → R
be a bifunction satisfying (A)-(A). Then for any r >  and x ∈ H, there exists z ∈ C such
that




z ∈ C : F(z, y) + r 〈y – z, z – x〉 ≥ ,∀y ∈ C
}
for all r >  and x ∈H. Then the following statements hold:
(a) Tr is single-valued;
(b) Tr is ﬁrmly nonexpansive, i.e., for any x, y ∈H ,
‖Trx – Try‖ ≤ 〈Trx – Try,x – y〉;
(c) F(Tr) = EP(F);
(d) EP(F) is closed and convex.
Lemma . ([]) Let H be a real Hilbert space, C a nonempty, closed, and convex
subset of H, and S : C → C a uniformly continuous and asymptotically strict pseudo-
contraction in the intermediate sense. If {xn} is a sequence in C such that xn ⇀ x and
lim supm→∞ lim supn→∞ ‖xn – Tmxn‖ = , then x = Tx.
Lemma . ([]) Let H be a real Hilbert space, and  < p ≤ tn ≤ q < , for all n ≥ .
Suppose that {xn} and {yn} are sequences in H such that
lim sup
n→∞
‖xn‖ ≤ r, lim sup
n→∞
‖yn‖ ≤ r
and for some r ≥ ,
lim
n→∞
∥∥tnxn + ( – tn)yn∥∥ = r.
Then limn→∞ ‖xn – yn‖ = .
Lemma . ([]) Let {an}, {bn}, and {cn} be three nonnegative sequences satisfying the
following condition:
an+ ≤ ( + bn)an + cn, ∀n≥ n,
where n is some nonnegative integer,
∑∞
n= bn < ∞ and
∑∞
n= cn < ∞. Then the limit
limn→∞ an exists.
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Lemma . ([]) Let H be a real Hilbert space. Let {an}Nn= be real numbers in [, ] such
that
∑N











for any given bounded sequence {xn}Nn= in H.
3 Main results
Theorem . Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
Fm be a bifunction from C × C to R which satisﬁes (A)-(A) for each  ≤ m ≤ N, where
N ≥  is some positive integer. Let S : C → C be a uniformly continuous and asymptotically
κ-strict pseudocontraction in the intermediate sense. Assume thatF := F(S)∩⋂Nm= EP(Fm)
is nonempty. Let {αn}, {βn}, {δn}, and {λn} be sequences in [, ], and {en} a bounded se-
quence in C. Let {rn,m} be a positive sequence such that lim infn→∞ rn,m >  and {γn,m} a









xn+ = αnxn + βn(δnzn + ( – δn)Snzn) + λnen, n≥ .
Assume that the following restrictions are satisﬁed:
(a) αn + βn + λn = ;
(b)
∑∞
n=(kn – ) <∞ and
∑
n= ξn <∞, where ξn is deﬁned in (.);
(c)  < a≤ βn ≤ b < , ≤ κ ≤ δn ≤ c <  and∑∞n= λn <∞;
(d)
∑N
m= γn,m =  and  < d ≤ γn,m ≤  for each ≤m≤N ,
where a, b, c, and d are some real constants. Then the sequence {xn} weakly converges to
some point in F .
Proof Let p ∈F . Then we see that
‖zn – p‖ ≤
N∑
m=
γn,m‖un,m – p‖ ≤ ‖xn – p‖. (.)
Put yn = δnzn+(–δn)Snzn for each n≥ . In view of Lemma ., we see from the restriction
(c) that
‖yn – p‖ =
∥∥δnzn + ( – δn)Snzn – p∥∥
= δn‖zn – p‖ + ( – δn)
∥∥Snzn – p∥∥ – δn( – δn)∥∥zn – Snzn∥∥
≤ δn‖zn – p‖ + ( – δn)kn‖zn – p‖ + (κ – δn)
∥∥zn – Snzn∥∥ + ξn
≤ kn‖zn – p‖ + ξn
≤ kn‖xn – p‖ + ξn. (.)
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It follows that
‖xn+ – p‖ ≤ αn‖xn – p‖ + βn‖yn – p‖ + λn‖en – p‖
≤ αn‖xn – p‖ + βn
(
kn‖xn – p‖ + ξn
)
+ λn‖en – p‖
≤ kn‖xn – p‖ + ξn + λn‖en – p‖. (.)
From Lemma ., we obtain the existence of the limit of the sequence {‖xn – p‖}. Notice
that
‖un,m – p‖ = ‖Trn,mxn – Trn,mp‖
≤ 〈Trn,mxn – Trn,mp,xn – p〉
= 〈un,m – p,xn – p〉
= 
(‖un,m – p‖ + ‖xn – p‖ – ‖un,m – xn‖), ∀≤m≤N .
This implies that
‖un,m – p‖ ≤ ‖xn – p‖ – ‖un,m – xn‖, ∀≤m≤N . (.)




m= γn,m = , we see from Lemma . that
















= ‖xn – p‖ –
N∑
m=
γn,m‖un,m – xn‖. (.)
In view of Lemma ., we obtain from restriction (c) that
‖xn+ – p‖
≤ αn‖xn – p‖ + βn
∥∥δn(zn – p) + ( – δn)(Snzn – Snp)∥∥ + λn‖en – p‖
= αn‖xn – p‖ + βn
(
δn‖zn – p‖ + ( – δn)
∥∥Snzn – Snp∥∥
– δn( – δn)
∥∥zn – p – (Snzn – Snp)∥∥) + λn‖en – p‖




∥∥zn – p – (Snzn – Snp)∥∥ + ξn)
– βnδn( – δn)
∥∥zn – p – (Snzn – Snp)∥∥ + λn‖en – p‖
≤ αn‖xn – p‖ + βnkn‖zn – p‖ + ξn
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– βn( – δn)(δn – κ)
∥∥zn – p – (Snzn – Snp)∥∥ + λn‖en – p‖
≤ αn‖xn – p‖ + βnkn‖zn – p‖ + ξn + λn‖en – p‖. (.)
This implies from (.) that





βnknγn,m‖un,m – xn‖ ≤ ‖xn – p‖ – ‖xn+ – p‖ + (kn – )‖xn – p‖ + ξn + λn‖en – p‖.
In view of the restrictions (b), (c), and (d), we obtain that
lim
n→∞‖un,m – xn‖ = , ∀≤m≤N . (.)
Since {xn} is bounded, we see that there exists a subsequence {xni} of {xn}which converges





〈um – un,m,un,m – xn〉 ≥ , ∀um ∈ C.
From the assumption (A), we see that

rn,m
〈um – un,m,un,m – xn〉 ≥ Fm(um,un,m), ∀um ∈ C.
Replacing n by ni, we arrive at

rni ,m
〈um – uni ,m,uni ,m – xni〉 ≥ Fm(um,uni ,m), ∀um ∈ C. (.)
In view of (.) and the assumption (A), we get that
Fm(um,ω)≤ , ∀um ∈ C.
For any tm with  < tm ≤  and um ∈ C, let utm = tmum + ( – tm)ω for each  ≤ m ≤ N .
Since um ∈ C and ω ∈ C, we have utm ∈ C, and hence Fm(utm ,ω) ≤  for each  ≤ m ≤ N .
It follows that
 = Fm(utm ,utm )
≤ tmFm(utm ,um) + ( – tm)Fm(utm ,ω)
≤ tmFm(utm ,um), ∀≤m≤N ,
which yields that
Fm(utm ,um)≥ , ∀um ∈ C.
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Letting tm ↓  for each ≤m≤N , we obtain from the assumption (A) that
Fm(ω,um)≥ , ∀um ∈ C.
This implies that ω ∈ EP(Fm) for each ≤m≤N . This proves that ω ∈⋂Nm= EP(Fm).
Next, we show that ω ∈ F(S). Put limn→∞ ‖xn – p‖ = d, we obtain that
lim sup
n→∞
∥∥xn – p + λn(en – xn)∥∥≤ d.
From (.), we see that
lim sup
n→∞
∥∥yn – p + λn(en – xn)∥∥≤ d.
On the other hand, we have
lim
n→∞‖xn+ – p‖ = limn→∞
∥∥( – βn)(xn – p + λn(en – xn)) + βn(yn – p + λn(en – xn))∥∥
= d.
In view of Lemma ., we obtain that
lim
n→∞‖yn – xn‖ = . (.)
Note that




This implies from (.) that
lim
n→∞‖zn – xn‖ = . (.)
On the other hand, we have
∥∥xn – (δnxn + ( – δn)Snxn)∥∥
≤ ∥∥xn – (δnzn + ( – δn)Snzn)∥∥ + ∥∥(δnzn + ( – δn)Snzn) – (δnxn + ( – δn)Snxn)∥∥
≤ ‖xn – yn‖ + δn‖zn – xn‖ + ( – δn)
∥∥Snzn – Snxn∥∥.
It follows from (.) and (.) that
lim
n→∞
∥∥xn – (δnxn + ( – δn)Snxn)∥∥ = . (.)
Note that
∥∥Snxn – xn∥∥ ≤ ∥∥Snxn – (δnxn + ( – δn)Snxn)∥∥ + ∥∥(δnxn + ( – δn)Snxn) – xn∥∥
≤ δn
∥∥Snxn – xn∥∥ + ∥∥(δnxn + ( – δn)Snxn) – xn∥∥,




∥∥Snxn – xn∥∥≤ ∥∥(δnxn + ( – δn)Snxn) – xn∥∥.
This implies from the restriction (c) and (.) that
lim
n→∞
∥∥Snxn – xn∥∥ = . (.)
Notice that
‖xn+ – xn‖ ≤ βn‖yn – xn‖ + λn‖en – xn‖.
This implies from the restriction (c) and (.) that
lim
n→∞‖xn+ – xn‖ = . (.)
On the other hand, we have
‖xn – Sxn‖ ≤ ‖xn – xn+‖ +
∥∥xn+ – Sn+xn+∥∥
+
∥∥Sn+xn+ – Sn+xn∥∥ + ∥∥Sn+xn – Sxn∥∥.
Since S is uniformly continuous, we obtain from (.) and (.) that
lim
n→∞‖Sxn – xn‖ = . (.)
In view of Lemma ., we obtain that ω ∈ F(S). This proves that ω ∈ F . Let {xnj} be
another subsequence of {xn} converging weakly to ω′, where ω′ = ω. In the same way, we
can show that ω′ ∈ F . Notice that we have proved that limn→∞ ‖xn – p‖ exists for each
p ∈F . Assume that limn→∞ ‖xn – ω‖ =Q, where Q is a nonnegative number. By virtue of
Opial’s condition of H , we have
Q = lim inf
i→∞ ‖xni –ω‖ < lim infi→∞
∥∥xni –ω′∥∥ = lim infj→∞
∥∥xj –ω′∥∥ < lim infj→∞ ‖xj –ω‖ =Q.
This is a contradiction. Hence, ω = ω′. This completes the proof. 
If N = , then Theorem . is reduced to the following.
Corollary . Let C be a nonempty, closed, and convex subset of a real Hilbert space
H. Let F be a bifunction from C × C to R which satisﬁes (A)-(A). Let S : C → C be a
uniformly continuous and asymptotically κ-strict pseudocontraction in the intermediate
sense. Assume that F := F(S) ∩ EP(F) is nonempty. Let {αn}, {βn}, {δn}, and {λn} be se-
quences in [, ], and {en} a bounded sequence in C. Let {rn} be a positive sequence such




un ∈ C such that F(un,u) + rn 〈u – un,un – xn〉 ≥ , ∀u ∈ C,
xn+ = αnxn + βn(δnun + ( – δn)Snun) + λnen, n≥ .
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Assume that the following restrictions are satisﬁed:
(a) αn + βn + λn = ;
(b)
∑∞
n=(kn – ) <∞ and
∑
n= ξn <∞, where ξn is deﬁned in (.);
(c)  < a≤ βn ≤ b < , ≤ κ ≤ δn ≤ c <  and∑∞n= λn <∞;
where a, b, and c are some real constants. Then the sequence {xn} converges weakly to some
point in F .
If F(x, y) =  for all x, y ∈ C and rn =  for all n ≥ , then Corollary . is reduced to the
following.
Corollary . Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
S : C → C be a uniformly continuous and asymptotically κ-strict pseudocontraction in the
intermediate sense with F(S) = ∅. Let {αn}, {βn}, {δn}, and {λn} be sequences in [, ], and
{en} a bounded sequence in C. Let {rn} be a positive sequence such that lim infn→∞ rn > .




xn+ = αnxn + βn(δnPCxn + ( – δn)SnPCxn) + λnen, n≥ .
Assume that the following restrictions are satisﬁed:
(a) αn + βn + λn = ;
(b)
∑∞
n=(kn – ) <∞ and
∑
n= ξn <∞, where ξn is deﬁned in (.);
(c)  < a≤ βn ≤ b < , ≤ κ ≤ δn ≤ c <  and∑∞n= λn <∞;
where a, b, and c are some real constants. Then the sequence {xn} converges weakly to some
point in F(S).
For the class of asymptotically nonexpansive mappings in the intermediate sense, we
can obtain from Theorem . the following results immediately.
Corollary . Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let Fm be a bifunction from C×C toR which satisﬁes (A)-(A) for each ≤m≤N, where
N ≥  is some positive integer. Let S : C → C be a uniformly continuous and asymptotically
nonexpansive mapping in the intermediate sense. Assume that F := F(S)∩⋂Nm= EP(Fm) is
nonempty. Let {αn}, {βn}, {δn}, and {λn} be sequences in [, ], and {en} a bounded sequence
in C. Let {rn,m} be a positive sequence such that lim infn→∞ rn,m >  and {γn,m} a sequence








xn+ = αnxn + βn(δnzn + ( – δn)Snzn) + λnen, n≥ .
Assume that the following restrictions are satisﬁed:
(a) αn + βn + λn = ;




n=(kn – ) <∞ and
∑





(∥∥Snx – Sny∥∥ – kn‖x – y‖)
}
;
(c)  < a≤ βn ≤ b < , ≤ κ ≤ δn ≤ c <  and∑∞n= λn <∞;
(d)
∑N
m= γn,m =  and  < d ≤ γn,m ≤  for each ≤m≤N ,
where a, b, c, and d are some real constants. Then the sequence {xn} converges weakly to
some point in F .
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